Global exact controllability in infinite time of 
Schrodinger equation 
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Abstract. In this paper, we study the problem of controUabihty of Schrodinger 
equation. We prove that the system is exactly controllable in infinite time to any po- 
sition. The proof is based on an inverse mapping theorem for multivalued functions. 
We show also that the system is not exactly controllable in finite time in lower Sobolev 
spaces. 

Resume. Dans cet article, nous etudions le probleme de controlabilite pour 
I'equation de Schrodinger. Nous montrons que le systeme est exactement controlable 
en temps infini. La preuve est basee sur un theoreme d'inversion locale pour des mul- 
tifonctions. Nous montrons aussi que le systeme n'est pas exactement controlable en 
temps fini dans les espaces de Sobolev d'ordre inferieur. 
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1 Introduction 

The paper is devoted to the study of the following controlled Schrodinger equa- 
tion 

iz = -Az + V{x)z + u{t)Q{x)z, (1.1) 
zldD^O, (1.2) 
z(0, x) = zo{x). (1-3) 

We assume that space variable x belongs to a rectangle D C M'^, V,Q G 
C°°{D,M.) are given functions, u is the control, and z is the state. We prove 
that the linearization of this system is exactly controllable in Sobolev spaces 
in infinite time. Application of this result gives global exact controllability in 
infinite time in for d — 1. We show also that the system is not exactly 
controllable in finite time in lower Sobolev spaces. 

Let us recall some previous results on the controllability problem of Schrodin- 
ger equation. In [6], Beauchard proves an exact controllability result for the 
system with d = 1, D = (—1,1) and Q{x) = a; in Tf^-neighborhoods of the 
eigenfunctions. Beauchard and Coron [8] established later a partial global exact 
controllability result, showing that the system in question is also controlled 
between neighborhoods of eigenfunctions. Recently, Beauchard and Laurent 
PU] simplified the proof of jGj and generalized it to the case of the nonlinear 
equation. The proofs of [5] IF] [TU] work also for the neighborhoods of finite linear 
combinations of eigenfunctions. In the case of infinite linear combinations, these 
arguments do not work, since the linearized system does not verify the property 
of spectral gap (even if the problem is 1-D), hence the Ingham inequality cannot 
be applied. 

Chambrion et al. [H], Privat, Sigalotti [35], and Mason, Sigalotti [TH] prove 
that (|l.ip . (|1.2p is approximately controllable in generically with respect to 
function Q and domain D. In [23l [22], the first author of this paper proves 
a stabilization result and a property of global approximate controllability to 
eigenstates for Schrodinger equation. Combination of these results with the 
local exact controllability property obtained by Beauchard [B] gives global exact 
controllability in finite time for d = 1 in the spaces H^~^^,£ > 0. See also papers 
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P71 1501 [31 [21 H [H] for controllability of finite-dimensional systems and papers 
pn [T8l [3 [311 [ISl Uni [S] for controllability properties of various Schrodinger 
systems. 

In this article, we study the properties of control system on the time half- line 
R+ instead of a finite interval [0,T], as in all above cited papers. We study the 
mapping, which associates to initial condition zq and control u the w-limit set of 
the corresponding trajectory. We consider this mapping as a multivalued func- 
tion in the phase space. We show that this multivalued function is differentiable 
with differential equal to the limit of the linearization of (11.11) . (II. 2p . when time 
t goes to infinity. Observing that the linearized system is controllable in infi- 
nite time at almost any point, we conclude the controllability of the nonlinear 
system (in the case d = I), using an inverse mapping theorem for multivalued 
functions pP by Nachi and Penot. Thus (II. 1[) . (|1.2p is exactly controllable near 
any point in the phase space, hence globally. The controllability of the linearized 
system is proved for any d > 1, but this result is not directly applicable to the 
study of the nonlinear system with d > 2. We have a loss of regularity: the 
solution of the nonlinear problem exists for more regular controls than the ones 
used to control the linear problem. The multidimensional case is treated in our 
forthcoming paper. 

To our knowledge, the inverse mapping theorem for multivalued functions 
was never used before in the theory of control of PDEs. Our proof does not 
rely on the particular asymptotics of the eigenvalues of Dirichlet Laplacian, so 
it is likely to work in other settings. Considering the problem in infinite time 
enables us to prove the controllability of the linearized system in the case of 
any space dimension d > 1, even when the gap condition is not verified for the 
eigenvalues (which is the case for d > 3). 

In the second part of the paper, we study the problem of non-controllability 
for (|l.ip . (|1.2I) in finite time. We prove that the system is not exactly controllable 
in finite time in the spaces H'' with k G (0, d). Let us recall that previously 
Ball, Marsden and Slemrod [1] and Turinici have shown that the problem 
is not controllable in the space H^. Our result is inspired by the paper [5S] 
of Shirikyan, where the non-controllability of 2D Euler equation is established. 
More precisely, it is proved in [55] that, if the Euler system is controlled by finite 
dimensional external force, then the set of all reachable points in a given time 
T > cannot cover a ball in the phase space. Later this result was generalized 
by the second author of the present paper, in 24J: in the case of 3D Euler 
equation it is proved that the union of all sets of reachable points at all times 
r > also does not cover a ball. 

Using ideas of Shirikyan, we prove that the image by the resolving operator 
of a ball in the space of controls has a Kolmogorov e-entropy strictly less than 
that of a ball in the phase space H'^. This implies the non-controllability. 

Acknowledgments. The authors would like to thank Armcn Shirikyan for 
many fruitful conversations. 
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Notation 



In this paper, we use the following notation. Let 



+ 00 

El 



< +00} 



tl {{aj} -.aie 



We denote by :— H'^{D) the Sobolev space of order s > 0. Consider the 
Schrodinger operator -A + V,Ve C°°(AR) with X>(-A + V) := D H^. 
Let {Xj.v} and {ejy} be the sets of eigenvalues and normalized eigenfunctions 
of this operator. Let (•,•) and || • || be the scalar product and the norm in 



the space L . Define the space H 



(V) 



D{{-A + V)^) endowed with the 
norm || • \\sy ~ \\{Xjy)^ {■,ejy)\\i2. When D is the rectangle (0,1)'' and 
Vixi,...,Xd) = Vi{xi) + ... + Vd{xd), Vk e C°°([0, 1],R), the eigenvalues and 
eigenfunctions oi —A + V on D are of the form 



• • ■ , Xd) — Sj^y-^ 



• + (1.4) 
[xi)- ...■ej^y^{xd), {xi,...,Xd) e D, (1.5) 



where {Aj^y^} and {sjy^} are the eigenvalues and eigenfunctions of operator 



"Sx^ + Vfc on (0, 1). Define the space 

+00 

ji,...,jd=i 



z 



■ jd{z,ej,^...j^,v)\^ < +00}. 



(1.6) 



Notice that, in the case d = 1, the space V coincides with H^v}- "^^"^ eigenvalues 
and eigenfunctions of Dirichlet Laplacian on the interval (0, 1) are A^.o = ^^tt^ 
and eko{x) = V2sm{k-Kx), x £ (0,1). It is well known that for any V G 
L\[0,1],R) 



\ky = k^TT^ + / V{x)dx + rk, 



deky dckfl 







dx 



dx 



(1.7) 
(1.8) 
(1.9) 



where J2k^i ''fc < (e-g-, see [25]). For a Banach space X, we shall denote 
by Bx{a,r) the open ball of radius r > centered a,t a G X . For a set A, we 
write 2^ for the set consisting of all subsets of A. We denote by C a constant 
whose value may change from line to line. 
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2 Controllability of linearized system 
2.1 Main result 



In this section, we suppose that d = 1 and Z) = (0, 1). For any z E H?y., let 



L{t{z, 0) be the sohition of (|l.ip - (|1.3p with zq = z and u = Q. Clearly, 

4-00 

Utiz, 0) - ^ e-'^-^*(5, ejy)ej,v (2.1) 

Lemma 2.1. There is a sequence + oo such that for any z G H^y^ we 

have Ut„ {z, 0)-^>z in H^y^ . 

Proof. The proof uses the following well known result (e.g., see [16]). 

Lemma 2.2. For any e > 0, N > 1 and aj £ R, j — 1, . . . , N, there is k £ N 
such that 

N 

i=i 

Applying this lemma, we see that for any e > and for sufficiently large 
TV > 1, we have 

\mz,0) - z\\ly < ^ |e-^--'= - lM,v(^^^n,-,u.v)f 

3<N 

+ 2^ |A|^(i,e,,,...,,„y)|2 <£ + £= £ 
for an appropriate choice of fc G N. This proves Lemma I^TTl 

□ 

This subsection is devoted to the study of the linearization of (11.11) . (|1.2p 
around the trajectory Ut{z,Q): 

d'^z 

+ V{x)z + u{t)Q{x)Ut{S, 0), (2.2) 

z\aD^O, (2.3) 
z(0,x)=zo. (2.4) 

Let 5" be the unit sphere in L^. For y & S, let Ty be the tangent space to S at 
y&S: 

Ty = {zeS: Rc{z,y) = 0}. 

Lemma 2.3. For any zq G n H^^^ and u € L\^^{R+,K), problem l[2^) -[2^\) 

has a unique solution z G C(R+, iJj^Q^). Furthermore, if Rt{-,-) : Tz C\ H'^^-^ x 
L^([0,t],K) — > Hf\^y {zq,u) — ^ z(t) zs the resolving operator of the problem, then 
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(i) Rt{zo,u) e %(i;,o) for any t > 0, 

(ii) The operator Rt is linear continuous from Tj H -^(^o) ^ -^^ d^^' ^] ' ^) ^'^ ^fo) ■ 

Proof. The proof of existence and (ii) is standard (e.g., see [H]). To prove (i), 
notice that 

^^Rc{Rt,iit) =MRM +MRt,i^t) 

= Re(i(— - V)Rt - iu{t)Q{x)UtMt) + Re(i?t, i{^ - V)Ut) 
= Re(i(^ - y)i?t,Z^t) + Re(i?t,i(^ - V)Ut) = 0. 

Since Re{Ro,Uo) ~ Re(zo, z) ~ 0, we get (i). □ 

As p.2p - p.4p is a hnear control problem, the controllability of system with 
zo = is equivalent to that with any zq € Ts. Henceforth, we take zo = in 
p.4p . Let us rewrite this problem in the Duhamel form 

z(t)^~i [ S{t~ s)u{s)Q{x)Us{S,0)ds, (2.5) 



where S{t) = e**^^ is the free evolution. Using (|2.ip and (12. 5p . we obtain 

(z(0, e™.y) = -I V e-^^"'''*(z, efe,y)g,„fc / e''""'=^M(s)ds, m > 1, (2.6) 
fe=i -^0 

where Wmk = Xm - Xk and Qmk ■= {Qem,v,ek,v)- Let T„ +oo be the 
sequence in Lemma [2.11 Then e"*'*'™ *'^" — >■ 1 as n — ?> +oo. Let us take t = Tn 
in (j2.6p and pass to the limit as n ^ +oo. For any u £ i^(R+,R) the right- 
hand side has a limit. Equality (|2.6p implies that the following limit exists in 
the L^-weak sense 

i?oo(0,w):= lim z(T„) = lim i?T„(0,u). (2.7) 
The choice of the sequence imphes that 



{Roo{0,u),e„iy) = -i'^{z,eky)Q„ik / 

1.-1 "'0 



u(s)ds. (2.8 

fc=i -^0 

Moreover, i?oo(0, u) G Tj. Indeed, using (|2.7I) and the convergence Z//t„ (^, O)—>-0 
in we get 

Re(i?oo(0,u),5) = lim Rc{Rt„{0,u),Ut„{S,0)) =0, 
by property (i). 
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For any u <E denote by ii the inverse Fourier transform of the 

function obtained by extending u as zero to : 

r+oc 

u{uj) := / e'""u(s)ds. (2.9) 

Define the following spaces 

+00 

P -.^ {d ^ {drak} ■ W^Wy '-^ \dll\^ + ^ \dmk? < +CG,dram = dii 

and dmk — dkm for all m, > 1}, 

+00 

B:={ue LL(K+,K) : hill := Ep'll"lli^(b-i,Pl) < +^}' 

p=i 

C {u e Li(M+,M) : {u{LOrnk)} G i^}- 
The set of admissible controls is the Banach space 

e:=uesncni/''(K+,iR) 

endowed with the norm ||u||e '■— \\u\\b + II'^IIli + ll{"('^mfc)}||^2 + where 
s > 1 is any fixed constant. Clearly, the space Q is nontrivial. The presence of 
the space B in the definition of Q is motivated by the application to the nonlinear 
control system that we give in Section [3] (this guarantees that the trajectories 
of the nonlinear system with controls from B are bounded in the phase space). 
The space C in the definition of <d ensures that the operator i?oo(0, •) takes its 
values in H^yy 

Lemma 2.4. For any z E SnH^yy i?oo(0, •) is linear continuous mapping from 

e toT^nHfyy 

Proof. Step 1. Let us admit that for any m^k > 1 we have 

771 

-^{Qeky,em,v) <C. (2.10) 
Then ([TT7)) . (HHl), (PTTU]) and the Schwarz inequality imply that 

4-00 

u),em,v)\ 

+ 00, p + oo 



- <^y^F^(^. emy){Qemy, e^.y) / u{s)ds 

m=l J" 

+ 00 3 n + OO 

+ C\\S\\lv E \^{Qek,v,em.y)J e'"™''^w(s)ds 



<C\\z\\ly\\u\\l<+0O. 
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step 2. Let us prove (|2.10p . Integration by parts gives 



1 ff^ 



1 ^dQdckyden 



-i-2 



x = \ 



ra.y . 



dx dx^ ' ' dx 

+ {{-^ + V){Qek,v),Ve,n,v)). 
In view of pTil - pTO)) . this implies ([STTO]) . 

□ 

We prove the controllabihty of (|2.2I) . (|2.3p under below condition with d = 1. 

Condition 2.5. Suppose that D is the rectangle (0, 1)'', > 1 and the functions 
V,Q e C^(D,R) are such that 

(i) infpiji,...,p^,j^>i \{pi3i ■ ■ ■ ■ ■ PdjdfQpj\>Q,Qpj-={Qep,....,pa.y,ej,,....j^.y), 

(ii) \i,y — \jy 7^ Xp Y — Xq Y for all i, j,p,q > 1 such that {i,j} ^ {p,q} and 

See Appendix for the proof of genericity of this condition. Let us introduce 
the set 

Z:^{z € S-3p,q > l,p ^ q,z = CpCpy + CqCqy, 

\cp?{Qe-py,epy)-\cq\^{Qeq,y,eqy) = 0}. 

The following result is proved in next subsection. 

Theorem 2.6. Under Condition \2.5\ with d ~ 1, for any z G S D H^y^ \ Z, the 
mapping i?oo(0, •) : O ^ TzCiH^ys^ admits a continuous right inverse, where the 
space Tj n H^y-^ is endowed with the norm of H^yy If ^ E S C\ H^y^ H £, then 
^oo(0, ■) is not invertible. 

Remark 2.7. The invertibility of the mapping Rt{0, •) with finite T > and 
z = ei is studied by Beauchard et al. [?]■ They prove that for space dimension 
d > 3 the mapping is not invertible. By Beauchard jHI, Rt is invertible in the 
case d — 1 and z — ei. The case d = 2 is open to our knowledge. 

Remark 2.8. Let us emphasize that the set {wmfc} does not verify the gap 
condition (even in the case d — 1) 

inf \uJmk - i^m'k'l > 0. 

Thus one cannot prove exact controllability in finite time near points, which are 
not eigenfunctions, using arguments based on the Ingham inequality. 
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2.2 Proof of Theorem [276] 

The proof of the theorem is based on the following proposition, which is proved 
in next subsection. 

Proposition 2.9. // the sequence ujm G M, m > 1 is such that uji — and 
X]m=2 1^"'" |p < +0O for some p> 1 and uji ^ ujj for i ^ j, then there is a linear 
continuous operator A from £q to Q such that {A{d){ijJm)} — d for any d E £q. 



The idea of the proof of Theorem 12.61 is to rewrite ()2.8|) in the form dmk = 
u{ujmk) with d = {dmk} G and to apply the proposition. Notice that 
J2m,k=i,m^k ^ < +°° and ujij ^ ujpq for all i,j,p,q > 1 such that {i,j} ^ 
{p, q} and i ^ j. Let us take any y eTzCi H^yy Define 

, _ i{y,em){ek,z) -i{ek,y){z,em) ,^ 
where Cmk € C and — ek,v. The fact that z ^ S imphes 

-i^^{z,ek)Qnikdmk = ^(T/,e,n)|(^,efc)p - y^(efc,y)(z,em)(^,efc) 

fc^l k^l k^l 

+ 00 



~ i ^ ^ (^; ^k)QmkCmk 
k^l 

= (2/,e„i) - {z,e„i){z,y) ~ i^{z,ek)Q„ikCmk- 

fc=i 

By p.Sp . we have y = i?oo(0, u), when 

+ C!0 

efe)(3„fcCmfe = -{z,e„i){z,y) (2-11) 



2 



for all m > 1. Thus if we show that there are Cmk G C such that (|2.1ip is 
verified and d — {dmk} € then the proof of the theorem will be completed, 
in view of Proposition [231 Notice that, under Condition 12.51 we have 

El (y, em)(efc, 5) ^^^11 ||2 ||~||2 , I 
75 < C\\y\\3y\\z\\3y < +00. 

, ,1 ^mk 

Thus {dmfc} € i?^, if Cmk £ C are such that 

, _ i{y,em){em,S) ~ i{em,y){S,em) , ^ , . 

^mrn 

Crnk — Cknii (2.13) 
+00 

^ \Cmkf<+^, (2.14) 
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where do G K. Let us show that, for an appropriate choice of do, there are 
Cmk satisfying (|2.1ip - (|2.14|) . Since y S T^, we have {z,y) = ilm{z,y). We can 
rewrite (|2.1ip and (|2.12p in the following form 



+00 



'^{z,ek)QmkCmk = -(z,e„i) Im(z,?/), (2-15) 



k=l 



, „ -2Im((y,e„,)(e^,g)) _ 

"mm — -p: r Omm — "0- ['^■^") 



Case 1. Let as suppose that z — ccp, where c G C, |c| = 1 and p > 1. Then 
^J^-^J^ is verified for C^k = 0, if m 7^ fc and Cmm defined by (PH)) with 

, _ lm{z,y} 

«o — — o • 

Case 2. Suppose z = CpCp + CgCg, where Cp,Cq S C, |cpp + |cqp — 1 and 
p ^ q. For any m > 1, define Cmm by (|2.16l) . If to 7^ p, we set 



Cm y) ~1~ QmmCmm) 

CpQj] 



where = for to 7^ g, and Cmk = for any fc > 1 such that k 7^ to, p. 
Then all the equations in (|2.15l) are verified, excepted the case m — p. Let us 
show that, for an appropriate choice of do e M, this equation is also satisfied. 
Equation (|2.15p for to = p is 

CpQppCpp ~l" CqQpqCpq — Cp lm(z, y') . 

Using (|2.17p for m~q (taking Cpq = Cqp) and p.l6p for m — p, we get 

l,y) =CpQpp(do+ '''^^^'f^'^^'^^ ' 



-Cp Im(z, 



+ Cql^pq I 

\ ^p^qp 

n , 2Im((y,ep)(ep,l)) N^ 

— CpC^ppI Co H 1 

^ ^jpp ^ 

^ L.p ^ qp ^ 
„ / —CqQqqCqq ^ 

Now using p.l6p for m = q, we rewrite this equality in an equivalent form 

(ICpPQpp - |CgPQqg)(io = A 

for some constant A e M. Thus if z is such that \cp\^Qpp — \cq\^Qqq 7^ 0, then 
we are able to find Cmk satisfying (|2.13p - (l2.16p . If |cppQpp — \ cq\^Qqq = 0, then 
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linear system (|2.2I) . (|2.3p is not controllable, since for any u E Q and t > we 
have 

^ lm(i?t(0, u), Cpe-'^-*ep - c,e-^^'*e,) 

+ Im(i^t(0,u),^(^ - V){cpe-'^-'ep-Cqe--'^-'eq)) 
^lm{-iuQ{cpe''-^''*ep + Cge"'^«*eg), CpC'^^^'cp - Cqe'"-^"* eg) 

= - u{\Cp\^Qpp - \Cq\^Qqq) = 0. 

This non-controllability property is a remark of Beauchard and Coron [8] . 

Case 3. Here we suppose that z = J2'j=i'^j^j with CpCqCr 7^ 0, and p,q,r 
are not equal to each other. If we define again Cmp, m ^ p hy (j2.17p and 
Crak = for any fc > 1 such that k ^ m^p, then the arguments of case 2 give 
the following equation for cLq 

(|Cp| Qpp ^ ^ I Cm I Qmm,)do = A 

for some constant A g K. This implies that for any z such that \cp\'^Qpp — 
J2m^p \cm\'^Qmm ^ 0, we cau find Crak Satisfying p.l3p -p.l6p. Let us suppose 
that 

|Cp| ^pp ^ ^ \^m\ Qmm 0- (^•-^^) 

m^p 

In this case, we define Cmp by (j2.17p only for integers m > 1 such that m ^ p, q,r 
and Cmk = for any fc > 1 such that fc ^ m,p, q, r. Then all the equations in 
(|2.15p are verified, except for m = p,q, r. We take any Cqp G C and choose Cqr 
and Crp such that 

^pQrpCrp CqQrqCrq CpQrrC^r — Im^Z, , (2.19) 

CpQqpCqp + CqQqqCqq -|- C^Qq^Cq^ — Cq Im(z, y) . (2.20) 

Replacing the value of Cq,. from (|2.20l) into (I2.19p . then the value of Cpr from 
(|2.19p into (I2.15P with m — p, and using (I2.13p . we get the following equation 
for do 

(ICpPQpp + \Cq\^Qqq — ^ ^ \c7n\'^ Q mm) do — A 
m^p,q 

for some constant A G R. Equality (|2.18p implies that 

Qpp ~t- |Cg| Qqq ^ ^ \Cm\ Qjnm — 
m^p,q 

if and only if \cq\'^Qqq = 0, which is not the case: Cq ^ 0, Qqq ^ 0. Thus solution 
do G R exists, and the sequence Cmk is constructed for any z ^ £. 
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2.3 Multidimensional case 

In this section, we suppose that D is the rectangle (0, l)"*, d > 1 and V{xi , . . . , Xd) 
= Vi(xi) + . . . + Vdixd), Vk e C°°([0, 1],R). This subsection is devoted to the 
study of the hnearization of (jl.ip . (11.21) around the trajectory Ut{z, 0): 

= -Az + V(x)z + u{t)Q{x)Ut(z, 0), (2.21) 

z|aD-0, (2.22) 

z{(),x) = zq. (2.23) 



The proof of Theorem 1 2 . 61 does not work in the muhidimensional case for a gen- 
eral 5. Indeed, the well-known asymptotic formula for eigenvalues Afc^y ~ C^fc^ 
implies that the frequencies uJmk are dense in M for space dimension d > 3. Thus 
the moment problem u{ujmk) — dmk cannot be solved in the space L-'^(K+,K) 
for a general dmk € The asymptotic formula for eigenvalues implies that 
the moment problem cannot be solved also in this case d = 2. Clearly, this 
does not imply the non-controllability of linearized system. Let us prove the 
controllability of (|2.21l) . (|2.22p for z = ek,v- See our forthcoming publication for 
the case of a general z and for an application to the nonlinear control problem. 
For z = ek,v the mapping i?cx3(0,M) is given by 

(i?oo(0,u),em,y) = -iQmku{i^mk) 

(cf. [HI). 

Lemma 2.10. The mapping i?oo(0, ■) is linear continuous from to T^^ H V, 
where V is defined by kl.0fl . 

Proof. Step 1. Let us admit that for any m^, fcj > 1, j = 1, . . . , d we have 
(mi • . . . • vfidY 



-{Qeki,....ka.y,erm,...,ma,v) <C. (2.24) 



(fci-...-fcd)3 

Then ()2.8p . f|2.24p and the Schwarz inequahty imply that 
Poo(0,u)||^= ^ |m?-...-m^(Eoo(0,u),e™,,...,™„y)|' 

mi ,...,md — 1 

< (^}m\ ■ m\{z, emu...,ma,v){Qe-m,v, e.ra,v) \ u{s)As 



m— 1 



/ x3 /'+00 

m,fe=l,r„#fc i'^l ■ ■ • ■ ■ ''d) Jo 

<C\\S\\l\\u\\l<+^. 

Step 2. Let us prove p.24p . To simplify notation, let us suppose that 
d — 2; the proof of the general case is similar. Let V{xi,X2) — Vi{xi) + V2{x2)- 
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Integration by parts gives 

.V ■} ,m2 , V/ 



1 92 Q2 



1 



( -2 



dxi dxi 



xi — l 



dX2 



xi=0 



de 



nil ,^n2.y \ 



dxi 



=:/i +l2+h 
Again integrating by parts, we get 

-2 



h 



'^mi,Vi^m2.V2-Jo 9x 



dxi dxi 



9e 



mi ,m2 : V 



-2 , „ a^g d^ckiMyd^e 



-(-2, 



mi,m2,V 



'^mi.l/i^ms.ys ^ ~Clxidx2 8x18x2 8x18x2 



2 9xi 

2:2 = 1 



2;i = l 

C 

2:1=0 



da;2 



a:i = l 

£Ci=0 



2:2=0 



9(3 9eA; 



2:1 = 1 



Q 8x2"^ 8x2 ' ^'^^8x1 8x1 ' 8x18x2 2:1=0 

+ / +^2)(7r^ TT )V2 ^ dX2 



da;2 



' '''^8x1 8x1 
In view of ([L4l) - (fr9| . this implies that 



9a; 1 



2:1=0 



(mi ■ . ■ . ■ nid)^ 
{ki-...-kdY ' 



< C. 



The terms I2, 13 are treated in the same way. We omit the details. 
We rewrite (|2.8p in the form 

ui^mk) = dm, 



□ 



(2.25) 



where dm = -■qtT''^ ■ We have Em=i,m^k jliji^ < for fixed fc > 1. 
Under Condition I2.5[ (i), dm G ^o- Applying Proposition I2.9[ we obtain the 
following theorem. 

Theorem 2.11. Under Condition \ 2. 51 the mapping i?oo(0, ■):&—> T^^ v- H V 

admits a continuous right inverse, where the space T^^, H V is endowed with 
the norm of V . 
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2.4 Proof of Proposition 12.91 

The construction of the operator A is based on the fohowing lemma. 



Lemma 2.12. Under the conditions of Provosition \2.9l for any d (£ £q and 

e > 0, there is u £ BQ(0,e) such that {ii{ujm)} — d. 

Proof of Proposition \2. 9i Let d" be any orthonormal basis in £q. Applying 
Lemma 12.121 we find a sequence m„ G Bq{0,-^) such that {uni^m)} = d"'. 
For any d e i^, there is c G £^ such that d = J2n=i '^nd^ ■ Let us define A in the 
following way 

A{d) = ^ c„u„. 

n=l 

As u„ e Se(0, this sum converges in 8: 

+ 00 +00 \_ +CXD \ 

P(d)||e<Elc"lll""lle< (El^«l')'(Ell""lle)' <C||rf|l^g- 

n— 1 n— 1 n— 1 

Thus ^ : ^Q— >8 is linear continuous and {A((i)(aj„j)} — d, by construction. □ 

Proof of Lemma V2.1'd Let us take any d £ Iq and £ > and introduce the 
functional 

Hiu) := \\{u{uj,n)} - d|1^2 = E ~ 
defined on the space 8. 



Step 1. First, let us show that there is uq G i?e(0,e) such that 

niuo) ^ inf n(u). (2.26) 

«eBe(0,e) 



To this end, let it„ G i3e(0,e) be an arbitrary minimizing sequence. Since 
B n H'^ (R+ , R) is reflexive, without loss of generality, we can assume that there 
is Uq G -Bsni?=(K+,R)(Oj e) such that u„ ^ uq in B D H''{R+,R). Using the 
compactness of the injection H''{[0,N])^C{[0,N]) for any N > and a diagonal 
extraction, we can assume that Un{t)^uo{t) uniformly for i G [0, A^]. The Fatou 
lemma implies that 

H-oo /'+00 

u„(s)|ds < £. 



|uo(s)|ds < liniinf / 



Again extracting a subsequence, if it is necessary, one gets {iin{uJm)} — ^ {'"o('^m)} 
in as n— T' + oo. Indeed, the tails on [T, +oo), T » 1 of the integrals (|2.9p are 
small uniformly in n (this comes from the boundedness of u„ in B), and on the 
finite interval [0,T] the convergence is uniform.) 
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This implies that uo G O and 



niuo) < inl n(u). 



The fact that uq e i3e(0,e) foUows from the Fatou lemma and lower weak 
semicontinuity of norms. Thus we have p.26|) . 

Step 2. To complete the proof, we need to show that T-L{uq) = 0. Suppose, 
by contradiction, that H{uq) > 0. As we shall see below, this implies that there 
is e i?e(0,£) such that 

^n{{l - t)uo + tv) <0. (2.27) 

at t=Q 



Since {l-t)uo + tv £ Be{0,e) for aU t e [0, 1], (f2?27| is a contradiction to (fZ^Mj) . 

To construct such a function v, notice that the derivative is given explic- 
itly by 

d 

— "^((1 - t)uo + tv) = 2 ^ Re[{v{uJm) - Uo('^m))(wo(Wm) - dm)]. 

m—1 

In view of this equality, the existence of v follows immediately from the following 
lemma. 

Lemma 2.13. Under the conditions of Provosition [^Tffl the set 

C/:={{u(wm)}:weBe(0,e)} 

is dense in £q. 

Proof. Suppose that h & is orthogonal to U. Then for any u G _Be(0,e) n 
C^((0,+oo)) we have 

J2 uMlh^ = 0. (2.28) 

m—1 

Replacing in this equality u{ujm) by its integral representation, we get integrat- 
ing by parts 

0^J2 e^""^u(s)ds7^= / Pp{s)u^P\s)dsh^ 

m=i-^o Jo 

r+oo iuJmS 

r+oo +ao iuJmS ^ 

= / u^P\s)(Ppis)h, + J2 ( ■ ^ h,Ads = 0, 
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where Pp is a polynomial of degree p > 1. Since this equality holds for any 
u G Bq{0, e) n C^((0, +00)), there is a polynomial Pp_i(s) of degree 1 such 
that for any s > 

+C)0 ^iuJrnS 

By Lemma 12.141 '^6 have hm = for any m > 2. Equality (fS^ implies that 
hi = 0. This proves that U is dense. □ 

□ 

The following lemma is a generalization of Lemma 3.10 in [22| . 

Lemma 2.14. Suppose that rj £ R* and 7^ Vj for k ^ j and Pp is a 
polynomial of degree p > 1. If 

00 

5]c,e-^^ = P,(s) (2.29) 
i=i 

for any s > and for some sequence Cj € C such that kil ^ t/ien 

Cj = for all j > 1 and Pp = 0. 

Proof. Since the sum in the left hand side of (j2.29p is bounded in s, the poly- 
nomial Pp{s) is constant. The case of constant right hand side follows from 
Lemma 3.10 in [22]. □ 



3 Controllability of nonlinear system 

3.1 Well-posedness of Schrodinger equation 

In this section, we suppose that d = 1, D = (0,1). We consider the following 
Schrodinger equation 



2 , V{x)z + u{t)Qix)z + v{t)Q{x)y, (3.1) 



z\dD^O, (3.2) 
z(0, x) = zoix). (3-3) 

See Proposition 2 in ^Oj for the proof of well-posedness of this system with 
V — 0. Here we prove well-posedness in the case oi V ^ and we give an 
estimate for the solution which is important for the study of the controllability 
property. 
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Proposition 3.1. For any zq € H^v)' u,v £ L'^ {R+ ,M.)r]B andy e C{R+,Hfy.^), 
problem I13.1\) - ^^7S\) has a unique solution z G C(R+ , iJj^^j ) . Furthermore, there 
is a constant C > such that 

sup ||z(t)||3,y < C(||zo||3,V' + sup || y(0 II 3.l^(||t'|| Li (R+) + l|w||e)) 

teR+ teR+ 

X exp (c(||ii||ii(R^) + 1) exp(||u||2 )j . (3.4) 

If V ~ 0, then for all t > we have 

||z(t)|| = ||zo||. (3.5) 

Proof. The proof follows the ideas of Proposition 2 in [lOj. We give all the 
details for the sake of completeness. 

Let us rewrite p.ip - (|3.3l) in the Duhamel form 

z{t) ^ S{t)za-i [ S{t- s)[u{s)Qz{s) +v{s)Qy{s)]ds. (3.6) 

For any u G L^(M+,K) n B and z £ C(M+, we estimate the function 

Gt{z) [' S{~s){u{s)Qz{s))ds. 
Jo 

Integration by parts gives (we write Aj, Cj instead of A^^y, Cjy) 



{Qz{s),e,) =-{{-— + V){Qz),e,) 



Thus 



+ 00 

iXj s 



\\Gt{z)\\lv = J2(f / 



e"^"u(s)(g^(s),ej)ds 



+c>o 



Using (jl.Op . we get 



+00 „f 

^(/y^ e*^^M5)(^ +^.)ds)" 



(3.7) 



.|:(-^ + y)Q^^ = ^-(^(-^ + y)Q^^ V2cos(,.x)) + .,(z), 
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where |sj(2:)| < C|lz|l3_y for all j > 1. The definition of Jj, the fact that 
{V2cos{jnx)} is an orthonormal system in L^, (|1.7p and the Minkowski in- 
equality yield 

e^'^Ms)J,ds) <CU Ks)|||z(.)||3,vd.) . (3.8) 

j — -j^ 

On the other hand, (|1.9p implies that 

^(<3^)^ej|^:J = j7r^(Qz)\/2cos(j7ra;)|^^J + Sj(z) jcj(z) + Sj(z), 

where |sj| < C||z||3_y for all j > 1. Again applying the Minkowski inequality, 
we obtain 

^(^2 I e'''Msrs,iz)ds) <C[J^ |«(.)|||z(.)|l3,yd.) . (3.9) 

Since Cj{z) depends on the parity of j, without loss of generality, we can assume 
that c(z) := Cj{z) does not depend on j. Thus we cannot conclude as in the 
case of Jj. Here we use the fact that u ^ B. Let P > 1 be an integer such that 
P < t < P + 1. Using the Cauchy-Schwarz and the Ingham inequalities, we 
obtain 



5: / e--.(.)c(z)d. / +E/ 



e'^^''u{s)c{z)ds] 



< 

1 



^E ( y e'^''u{s)c{z)ds\ 



e'^^''u{s)c{z)dsf 



P +OC „p 2 

< C||u(s)c(z)||i.([p.,]) ( / e^^^^uis)ciz)ds) 

p 

< C||u(s)c(z)||2,^j^_jj^ + C Xl^'^ll^(*)c(2)lli2(b-i,p]) 

<C ru;(s)||z(s)||2,,ds. 
^0 

where wis) = |w(s)Px[Rt](s) + Ep=iP^I'"(s)Px[p-i,p](s)- Notice that 







w{s)ds < \\u\\l for aU t > 0. (3.10) 
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Combining (P7)) - (P?TU)) . we get 

\\Gtiz)h,v < C(^j\{s)\\z{s)\\lyd3y + cj^ \u{s)\\\z{s)hyds. (3.11) 
The quantity 

Gt{f) := / S{-s){v{s)Qy{s))ds 
Jo 

is estimated in a similar way 

\\GtUv<c( f w{s)\\y{s)\\lydsy +C f Hs)\\\y{s)h,vds 



<C sup ||y(s)||3,y(||i'||Li(R+) + ||w||e), (3.12) 
se[o,T] 

where w{s) = b(s)Px[P.t](s) + Ep=iP^k(s)Pxb-i,p](s)- 

Existence of a solution is obtained easily from p. lip and p.l2p . by a fixed 
point theorem (of. Proposition 2 in 10 ). Uniqueness follows from p.4p . 

Let us prove p.4p . From p.6p and p. Ill) we have 

\\zmiv<C\\\zo\\ly + \\Gt\\iy + \\Gt\\ly) 
<c(^\zo\\ly + \\Gt\\ly + jy{s)\\z{sm^^^^ 

The Gronwall inequality implies 

Mmlv < chzoWiy + WGtWly + ( r Ks)|||z(s)||3,yds)' ) 



exp (C / w(s)ds). 



Taking the square root of this inequality, using p.lOp and the Gronwall inequal- 
ity, we obtain 

\\z{t)h,v<C{\\zoh,v + \\Gt\\3,v) 

xexp^C{J w{s)ds + J \u{s)\ds exp{ J w{s)ds))^ 

< C(lko||3,y + ||Gj3,v) exp (c(||u|Ui(K^) + 1) exp(||u||2 )) . 

In view of p.l2[) , this completes the proof of the proposition. □ 

Remark 3.2. Let us notice that, one should not expect to have a well-posedness 
property in any Sobolev space H'' with controls in L^. Indeed, exact controlla- 
bility property in H^, proved by Beauchard and Laurent |10| in the case d = 1, 
implies that the problem is not well posed in spaces for any cr > (a point 

zi E \ H^^'^ would not be accessible from a point zq G H^^'^). Schrodinger 
equation is well posed in higher Sobolev spaces, when control u is more regular. 
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Corollary 3.3. Denote hyUt{-,-) : ^ (R+ , K) n S->i?(\,) the resolving 

operator of il.l]) . Then Ut{-, ■) is locally Lipschitz continuous, i.e., for 

any 6 > there is C > such that 

sup \\Ut{zo,u) - Ut{z'Q,u')\\3y < C\\{zo,u) - (4.'"')llH;\,,xLi(R+,R)ne (3-13) 

for all {zq,u), {zq,u') G -S^s^^^ xLi(R+,R)ne(0, i^), where L^{R+,R)r]B is endowed 
with the norm \\ ■ |iLi(R+,R)nB := II ' ||li + II ' lie- 

Proof. Notice that z{t) :— Ut{zo, u) — Ut{zQ, u') is a solution of problem 
d'^z 

iz = + u{t)Q{x)z + {u{t) - u'{t))Q{x)Ut{z' u'), 

z\dD = 0, 
z{0,x) = zo{x) - z'q{x). 

Applying Proposition 13. !( we get p.l3p . □ 
3.2 Exact controllability in infinite time 

For any control u e 6, problem p.ip . p.2p is well-posed in Sobolev space ^^(V)- 
Equality p.Sp implies that it suffices to consider the controllability properties 
of p.ip . (|3.2p on the unit sphere S in L^. Let Uoo{zo,u) be the _ff|^^^^-weak uj- 
limit set of the trajectory corresponding to control w G G and initial condition 

Uoo{zo,u) :— {z e H^v) ■ ^t„{zo,u) z in H^v) fo'" some i„ — ?► +oo}. (3.14) 
By p.4p . Ut{zQ, u) is bounded in H^yy thus Uoo{zo, u) is non-empty. 

Definition 3.4. We say that 113.1]) . IIS.2\) is exactly controllable in infinite time 
in subset H d S, if for any zq,zi G H there is a control it G .such that 
z\ e l(ooizQ,u). 

Below theorem is one of the main results of this paper. 

Theorem 3.5. Under Condition \2.5l for any z G S D Hfy) there is 5 > Q such 
that problem \3.1\] . IIS.2\) is exactly controllable in infinite time in SClB^fS ^ (z, S). 

See Section [331 for the proof. 

Remark 3.6. Let us emphasize that the novelty of Theorem 13.51 with respect to 
the previous result proved for p.ip . p.2p in [23] (see Theorem 3.1) is that the 
controllability here is realized with controls which have small norms. 

Working in higher Sobolev spaces, one can prove similar exact controllability 
results with more regular controls. For example: 
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Theorem 3.7. Under Condition WR for any z G S" n H^y^^,<7 G (0, 2] there is 
6 > such that problem US. \3.2]) is exactly controllable in infinite time in 
S n Bjj3+c,{z,S) with controls u G W^^^i(R+,R) n iJ^(M+,M) for any s > 1. 

These local exact controllability properties imply the following global exact 
controllability result. 

Theorem 3.8. Under Condition \2.5\. problem \3.1]) . iS.2\) is exactly controllable 
in infinite time in S C] H^v) following sense: for any zq £ S C] H^y^ , a G 

(0, 2] and zi G 5 n th ere is a control u G L"'"(M_|_,K) such that zi G 

Proof. Let 7 : [0, 1]— J-STl-ff^^y^ be any continuous function such that 7(0) = zq, 
7(1) = zi and 7(5) G H^Y)' for any s G [0,1). Using the compactness of the 
curve 7 and Theorem l3.71 we prove that there is a control v and time T > such 
that Ut{zotv) G Bfj-i^^{zi,5zi), where 5^^ > is the constant in Theorem 13.51 
corresponding to zi. This completes the proof. □ 

Remark 3.9. We do not know if problem (|l.ip - (|1.3l) is well posed in the space V 
for d > 2 with 9-controls. Well-posedncss in V with u G would imply 
the controllability of the multidimensional problem. The nonlinear problem's 
solution is in V for more regular controls. 

3.3 Proof of Theorem 1331 

The proof is based on an inverse mapping theorem for multivalued functions. We 
apply the inverse mapping theorem established by Nachi and Penot [H] , which 
suits well to the setting of Schrodinger equation. For the reader's convenience, 
we recall the statement of their result in Appendix (see Theorem 15. 3|) . 

Let us first slightly modify the definition p.l4|) of the set Uoo{zo,u). Let 
T„^ + OD be the sequence defined in Section 12.11 Define 

Uoo{zotu) {z G H^v) ■ ^T^k (^Oi^t) ^ z in for some Uk +00}. (3.15) 

Consider the multivalued function 

■) : 5 n X 6^2^^^;"^) , 
{zo,u)^Uoo{zi3,u). 

Since the result of Nachi and Penot is stated in the case of Banach spaces, 
we cannot apply it directly to Uoo- Following Beauchard and Laurent [T^, we 
project the system onto the tangent space Tj. We apply Theorem 15.31 to the 
following multivalued function 

Uoo{-, ■):Tsn Hfy-^ X e^2^^'^^?^), 

{zq,u)^PUoo{P^^ Zq, u), 
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where P is the orthogonal projection in onto Tj, i.e., Pz ~ z — Re(z, z)z, z G 
Li^. Notice that P~^ : BT^{0,d)^S is well defined for sufficiently small 6 > 0. 
By the definition of T„, we have lim„^+oo Wt„ 0) = z. Hence (|3.15p implies 
that Uod{z,0) = z and Z^oo(0,0) = {0}. If we show that Uao is strictly differen- 
tiable at (xq, yo) with xq = (0, 0) G Tj n H^y^ x 9 and yo = G n H^y^ (see 
Definition [521) , ^"^^ the derivative admits a right inverse, then Theorem 13.51 will 
be proved as a consequence of Theorem 15.31 

Proposition 3.10. The multifunction lA oo is strictly differ entiahlc at (0,0) G 
Tz n Hfv) X 6 j?^ the sense of Definition \5.2\ Moreover, the differential is the 
mapping 

i?oo(-, •) : n i/(V) X e^Tj n H^y^ 

{zo,u)^Roo{zo,u), 

where Rao is defined in Section \2.1\ 

Proof of Theorem \3.5\ Case 1. Let us suppose that z G S* n Hfv) \ ^- ^'^^ ^'^y 
(zqj u) G Brp^f^jf3^^ xeC^j f^): the set IAoo{zq, u) is closed and non-empty, if 5 > is 
sufficiently small. The mapping R^o is invertible in view of Theorem 12.61 Thus 
Theorem 15.31 completes the proof. 

Remark 3.11. Let us point out that in case 1 the controls u can be chosen such 
that ii(0) = . . . = ?i("~i)(0) = 0. 

Case 2. In the case z G 5 n H'^ys^ n E, the hnearized system (12.21) . (|2.3p 
is not controllable, and Roo is not invertible. Controllability in finite time 
near z is obtained combining the results of [8^ and [10 : there is a constant 
5 > Q and a time T > such that for any zo,zi G S r\ Bfj3^^(z,6) there is 

a control v G L^([0,T],R) verifying Ut{zotV) = zi. Let us prove that the 
problem is exactly controllable in infinite time in S* n Bj^a^ {z,S). Take any 
zi G 5 n Bfjs^^ {S, S) and let us show that there is a control w G such that 
zi G Uoo{z, u). Let us suppose first that zi ^ f . Then, by case 1, there is dz^ > 
such that exact controllability in infinite time holds in S H Bff3^^{zi,Sz-^). By 
exact controllability property in finite time and by an approximation argument, 
one can find a control ui G C^((0,T),M) such that Ut{z,ui) G iJ/^a^^ (zi, 5zJ. 
Thus the existence of wi follows from case 1 and Remark 13.111 

Now let us suppose that zi G £. Since £ C ri'^-^H^yy by [5| and [TU] . 
there is a control mi G C*([0,T],R) such that Ut{z,ui) = z\ and m(0) = . . . = 
u('*)(0) = M(r) ^ . . . = u(^nr) = O. Extending ui by O on [T, +oo), we obtain 

z\ G Uooiz,Ui). 

□ 

Proof of Proposition \3.1(A It suffices to show that for any e > there exists 
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(5 > for which 

(3.16) 

whenever {zo,u), {zq,u') G Brp^f^^a ^Q{{0,0),d). Here e(-,-) stands for the 
Hausdorff distance (see Appendix for the definition) . It is clear from the defini- 
tion of e(-, •), that (|3.16l) follows from the following stronger estimate 

sup \\Ut{P^'^zo,u) ~ Rt{zo,u) -Z^t(P"^Zo,u') + i?t(2;o,u')||T^nff? 



(V) 



< e\\{zQ,u) - {z'Q,u')\\T,nHf^^x0- 



To prove this estimate, notice that the function 

y{t) := Ut{P-^zo, u) - Rt{zo, u) - Ut{P-^z'o, u') + Rt{z'o, u') 
is a solution of the problem 
d^ 

«y = + iu-u')Q{lltiP-^zo,u)-lltiS,0)) 

+ u'Q{Ut{P-^zo, u) - UtiP-^z'^, u)), 

y\dD = 0, 

y(0, a;) = R-^zq - zq - P'^z'^ + z'q. 
We have 

hmkv < 4zo - z'ohy (3.17) 

for any zo,z'q e Brp^f^^s (0,(5) and for sufficiently small (5 > 0. Using p.4p (we 

use the version of the inequality with vifi + 112/2 instead of f /), CoroUarv 13.31 
and (|3.17p . we get 

sup b(t)||3,y < C(||2/(0)|l3,y+ sup \\Ut{P-^zo,u) ^Ut{~z,0)h.v\\u - u'\\e 

teH+ tGR+ 

+ sup \\Ut{P-^Zi:>,u)~Ut{P-^zlu)h.v\\u'\\e) 

teK+ 

< C{\\y{())h.y + {\\zQhy^\u\\e)\\u-u'\\e + \\zo - 4||3,v||w'||e) 

< £\\{zo,u) - (^'^OIlT.nifjVjxe 

for sufficiently small 5. This proves the proposition. □ 



4 Non-controllability result 
4.1 Main result 

In this section, we study the problem of non-controllability of Schrodinger sys- 
tem (|l.ip - (|1.3p . where Z) C M*^ is a bounded domain with smooth boundary, 
y,(5 G C°°(Z3,R) are arbitrary given functions. The following lemma estab- 
lishes the well-posedness of system ()l.ip - (|1.3p in the space L^. 
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Lemma 4.1. For any zq E and for any u £ Lj^^{M.+ ,M.), problem U.l\j - 
U.3\) has a unique solution z S C(M_(_,L^). Furthermore, the resolving operator 
lAt{-,u) : ^ I? taking zq to z{t) satisfies the relation 

\\llt{zo,u)\\ = \\zol t>0. 

See [TT] for the proof. Let us define the set of attainabihty of system 
(|1.2p from an initial point zq G S: 

A{zo) := {Ut{za, u) : for all u e Wl;^{R+, M) and i > }. (4.1) 

The following theorem is the main result of this section. 

Theorem 4.2. For any constant k G {0,d), any initial condition zq £ S and 
any ball B C H^yy we have 

y^=(zo)nBn5 7^0. 

Let us emphasize that this theorem does not exclude exact controllability in 
H'^y-^ with controls form a larger space than Wjq(,^(M+, R). 

The proof of this theorem is an adaptation of ideas of Shirikyan (551 to the 
case of Schrodinger equation. Using a Holder type estimate for the solution of 
the equation, we show that the image by the resolving operator U oi a ball in 
the space of controls has a Kolmogorov e-entropy strictly less than that of a ball 
B in the phase space H^yy As we show, this implies the non-controllability. 

4.2 Some e-entropy estimates 

Let X be a Banach space. For any compact set K <Z X and e > 0, we denote by 
Ns{K, X) the minimal number of sets of diameters < 2e that are needed to cover 
K. The Kolmogorov e-entropy of K is defined as H^{K,X) = \nN^{K,X). 

Let Y be another Banach space and let / : — > y be a Holder continuous 
function: 

\\f{ui)-f{u2)\\Y<L\\u,~U2\fx (4.2) 
for any ui, U2 £ K and for some constants L > and 6 G (0, 1). The following 
lemma follows immediately from the definition of e-entropy (cf. Lemma 2.1 
in [28]). 

Lemma 4.3. For any compact set K d X and any function f : K ^ Y 
satisfying inequality |^.i?[ ), we have 

H,{f{K),Y) < H^^^i{K,X) for all e > 0. 

We also need the following two lemmas. 

Lemma 4.4. For any T > and for any closed ball B C VF^'^([0,T],R), there 
is a constant C > such that 

H,{B,L^{[0,T],R)) < -Ini. 
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This is Proposition 2.3 in 



Lemma 4.5. For any k > and any closed ball B := B^jk {zf),r) such that 
Bfjk {z(),r) n S* 7^ there is a constant C > such that 



(V) 



(10 



H,{BnS,H''-^)>c(-Y. (4.3) 



Proof. It is well known that 

Ci[^y <H,iB,H''-')<C2[^y (4.4) 
for some constants Ci,C2 > (e.g., see [H]). Consider the mapping 



(s, z)^sz. 

The set f{[\^ |] x _B n S*) has a non-empty interior, so there is a ball B in 
such that 

B(Zf{[\,\]-KBnS). (4.5) 

Clearly, 

||/(si,Zi) - /(S2,2:2)|U-1 < C(|si - S2I + \\zi - 2;2|U-l)- 

Using (|4.5p and Lemma 1431 we get 

<H^{[^,^]xBnS,RxH''-') 
<H^{[^,l],R) + H^{BnS,H''-') 

< C(ln- + HJBnS, H''-^)). 

e 



Combining this with (|4.4p for B, we obtain (j4.3|) . □ 
4.3 Proof of Theorem [472] 



Let us suppose, by contradiction, that there is fc G (0, rf), an initial point zq G 5* 

BnScAizo), (4.6) 



and a ball B C ^^(V) such that 
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where A is the set of attainabihty of system (|1.2p from the initial point 

zo defined by (|4.1|) . Let us set 

B„i : = [0,m] X B^i.i([o,m],R)(0, m), 
: = {t/f(zo,w) : for aU {t,u) £ 

We have 

m—l 

oo 

A{zo) = U (4.7) 

m— 1 

Combining (|4.6I) , (I4.7p and the Baire lemma, we see that there is a ball Q C ^^(V) 
and an integer to > 1 such that U{Bm) is dense in Q n S' with respect to H^- 
norni. 

Step 1. Let us define the set 

Bm = {(^, u) £ Bjn ■ such that Ut{zQ, u) £ Q}. 

Here we prove that Bm is compact in [0,m] x L^([0,to],M). Indeed, take any 
sequence (t„,it„) £ Bm- As (t„,u„) G -Bm and i?m is compact in [0, m] x 
L"'^([0, to], R), there is a sequence — oo and (ioj^o) e _Bm such that 

l^rifc - ^ol + \\Unk - Uo||Li([0,m],B) 0, fc ^ OO. 

We need to show that (io, "o) G Bm- As Ut„^ {zojUn^} G Q, there is z £ Q such 
that Z^t„^ (zo, u„^) ^ z in iJ*"' (again extracting a subsequence, if necessary). On 
the other hand, Lemma UT] implies that Z^t„^ (zq, "i^rifc) ~> ^to(^Oj wq) in L^. Thus 
iYt(,(2;o, uo) = z and (to,uo) S Bm- Thus is compact in [0,to] x L^([0, m], M). 

In particular, this implies that lA{Bm) is compact in L^, as an image of a 
compact set by a continuous mapping. On the other hand, U{Bm) is dense in 
the compact set Q n S" in L^. Thus QnS = U{Bm)- 

Step 2. Using standard arguments, one can show that we have 

\\Ut{za,u) ~Ut'{zo,u')\\ < C{\t - t'\ + \\u - ■ti'||Li([o,m],R)) 

for any (t,u), (t',u') £ Bm, where C > is a constant not depending on {t,u) 
and {t',u'). Combining this with the interpolation inequality 

\\z\\,.,<C\\z\\i\\z\\p^, 

we get 

\\Ut{za,u)~Ut'{zo,u')\\k-i<C{\t-t'\i + \\u-u'\\l,^^^^^^^^^) 
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for any (t,u), {t',u') S B,n. Here we used the fact that Wt(zo, w), (^o, m') S Q. 
Appying Lemmas 14.31 and 14.41 and of the fact that Q D S C U{Bm), we obtain 

H.iQnS.H''-^) <H,{lliB^),H''-^) <CH,4B,n,[0,m] x L\[0,m],R)) 

< CH,k{B,n,[0,m] X ii([0,m],R)) 

< — hi — 

This estimate contradicts Lemma 14.51 and proves the theorem. 

Remark 4.6. The same proof works also in the case of Schrodinger equation 
with any finite number of controls: 

iz = —Az + V{x)z + ui{t)Qi{x)z + . . . + Un{t)Qn{x)z, 

where n > 1 is any integer, Qj e C°°{D^'S.) are arbitrary functions and Uj are 
the controls j = 1, . . . , n. 



5 Appendix 

5.1 Genericity of Condition 12.51 

Let us assume that D = (0, 1)'' and introduce the space 

g:^{Ve C°°(i?,M) : V{xi,. . . ,xa) = Vi{xi) + . . . + Vd{xd) 

for some Vk e C°°([0, 1], K), fc l,...,d}. 

Then Q, endowed with the metric of C°° {D, R), is a closed subspace in C°° {D, R). 
By Lemma 3.12 in [22_, the set A of all functions V E Q such that property (ii) 
in Condition 12.51 is verified is Gs set (i.e., countable intersection of dense open 
sets). First let us prove genericity of property (i) in the case d — 1. 

Lemma 5.1. For any V G C°°([0, 1],R), the set of functions Q e C°°([0,1],R) 
such that 

inf b=^j'(Qep,y,e,,y)| >0 (5.1) 

is dense in C°°([0, 1],R). 

Proof, li V — 0, then a straightforward calculation gives 



{X ep,o,ej,o; 



. 3 



which implies (|5.1I) for Q = x^ and ^ = 0. In the general case, taking any 
P 7^ J; we integrate by parts (we write Xj,ej and z" , z' instead of Xjy, ejy and 



27 



It. af' respectively) 



1 

(gep,e,) = — ((-_ + y)(Qep),e,) 



This implies that 



(Qep,e,) = -((Q%,e,) + (0'e;,e,)). 



(5.2) 



Again integrating by parts, we get 



{Q'e'^,e,)=^{Q'e'^,{-^ + V)e,) 



„^3;-((-^+^)(0'e;,e,). 



(5.3) 



Notice that 



+ Ap(g'e' e,)-(Q'(l/ep)',e,). 



Replacing this into (|5.3p . we get 



2^ a; = l 

(g'cp, Cj) =- — (-g'e^e^- + {VQ'e ej) + {-Q"'e' Cj) 

Aj — Ap x—0 

+ {-Q"e;,e,}~{Q'{Ve,y,e,}). 
Using ([O)) and and the fact that 

{-Q"e';,ej) = -{Q"Vep,ej)+Xp{Q"ep,ej), 

we obtain 

{QCp,Sj) =( r - (Q Gp,Ej) TT 7 \2 ^P'^j)) 

Aj - Ap 



(5.4) 



(A, - Ap)2 



-(^^-^(-Q'eX.^^^ + (FQ'e;,e,) 

+ (-g"'e;,e,) - (Q'Vep,e,) - (Q'(l^ep,)', e,)) 
:/i+/2. 



Let Q be such that A := Q'(a;) cos(p7rx) cos(j7ra;) 



x=l 



^ 0. Clearly, this is 



verified for almost any Q, since A depends only on the parity of p and j. Let 
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us choose Q such that {Qep,ej) ^ for all p,j > 1; the set of such functions 
Q is Gs, by Section 3.4 in [22]. Using the estimates (|1.7l) - (|1.9p . it is easy to see 
that ii^fp,j>i,p^j Ip^j^hl > 0. Iterating the same arguments for Ii, we see that 
infpj>i^j,^j {Qepy , ejy) \ > for almost any polynomial Q. 
If P = using (ll.Sp . we get 

{Qcp, Bp) = 2((3, sin^(p7rx)) + Sp, 

where Sp— ^0. Thus 

{Qcp, Cp) — ((5,1 — cos 2pTTx) + Sp ~ / Qdx — {Q, cos 2pTrx) + Sp. 

Jo 

Taking Q such that Qdx ^ 0, we complete the proof of the lemma. 

□ 

Take any functions Qk € C°°([0, 1],R), k = in the dense set of 

Lemma lSTTj corresponding to Vk S C°°([0, 1], M), fc = 1, . . . , d. Then Q{xi, . . . ,Xd) 
■■= Qi{xi) • . . . • Qd{xd) satisfies (i) with V{xi, ...,Xd):^ Vi{xi) + . . . + Vd{xd). 



5.2 Inverse mapping theorem for multifunctions 

In this section, we recall the statement of the inverse mapping theorem for 
multivalued functions or multifunctions. We refer the reader to the paper [21j 
by Nachi and Penot for details and for a review of the literature on this subject. 

Let X and Y be Banach spaces. For any non-empty sets C, D C X , define 
the Hausdorff distance 

d{x,D) = inf \\x - y\\x, 

yeD 

e{C,D) = sup d{x,D). 

xec 

We call a multifunction from X to Y any mapping F from X to 2^ . 

Definition 5.2. A multifunction F from an open set Xq G X to Y is said to 
be strictly differentiahle at {xo,yo) if there exists some continuous linear map 
A : X^Y such that for any e > there exist /3,5 > for which 

e{F{x) n By (yo, P) - A{x), F{x') - A{x')) <e\\x-x'\\x, 

whenever x,x' € B{xQ,d). The map A is called a derivative of F at (xo,yo). 

The following theorem is a generalization of the classical inverse function 
theorem to the case of multifunctions. 

Theorem 5.3. Let F be a multifunction from an open set Xq G X to Y 
with closed non-empty values. Suppose F is strictly differentiahle at {xo,yo) € 
Gt{F), and some derivative A of F at (xo,?/o) has a right inverse. Then for any 
neighborhood U of xq there exists a neighborhood V of yo such that V G F{U). 

See Theorem 22 in [21 for the proof. 
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